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Abstract. We prove a conjecture of Diirr, Kabanov and Okonek which pro- 
vides an algcbro-geometric theory of Seiberg-Witten invariants for all smooth 
projective surfaces. Our main technique is the cosection localization principle 
f|llp of virtual cycles. 



1. Introduction 

Recently there has been a renewed interest in Donaldson invariants and Seiberg- 
Witten invariants due to the influx of virtual intersection theory. See [TS1 [TJ [5] 
for instance. The purpose of this paper is to prove a conjecture (Theorem 11.11 
below) of Diirr, Kabanov and Okonek in [5] which provides a natural algebro- 
geometric theory of Seiberg-Witten invariants. Our main technique is the cosection 
localization principle in |11) that effectively localizes the virtual cycle when there 
is a cosection of the obstruction sheaf. 

In mid 1980s, Donaldson defined his famous invariants as intersection numbers 
on the Uhlenbeck compactification of the space of anti-self-dual (ASD) connections 
on a fixed hermitian vector bundle of rank 2 on a compact oriented 4-manifold X 
([3]). Because of difficulty in calculating Donaldson invariants, an algebro-geometric 
theory of Donaldson invariants was highly anticipated from the beginning. Don- 
aldson proved that when the 4-manifold X is an algebraic surface over C, there is 
a diffeomorphism between the space of irreducible ASD connections and an open 
subset of the moduli space of Gieseker semistable sheaves of rank 2 and given Chern 
classes. In 1991, J. Li ( 16 ) and Morgan ([H]) extended Donaldson's diffeomor- 
phism to a continuous map from the Gieseker moduli space of semistable sheaves 
to the Uhlenbeck compactification and proved that Dondalson invariants are inter- 
section numbers on the Gieseker moduli space. In fact, J. Li furthermore proved 
that the Uhlenbeck compactification admits a scheme structure and the map from 
the Gieseker moduli space to the Uhlenbeck compactificaiton is an algebraic mor- 
phism. In 1993, Kronheimer and Mrowka proved the celebrated structure theorem 
which expresses all the Donaldson invariants in terms of a finite number of classes 
Ki, ■ ■ ■ ,Ki € H 2 (X, Z) and rational numbers a\, ■ ■ • ,ai G Q if X is of simple type 
f[14|V The condition of being a simple type roughly means that the point insertions 
do not provide new information on X. The mystery of the simple type condition, 
the basic classes K\, ■ • ■ , Ki and the rational numbers ot\, ■ ■ ■ , ai was elucidated by 
the advent of Seiberg-Witten theory in 1994. 

A Spm c -structure on a 4-manifold X refers to a pair of rank 2 hermitian vector 
bundles E ± such that detE + = det_E_ =: L. Taking the first Chern class of 
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L provides us with a bijection from the collection of all S'pm c -structures on X to 
H 2 (X, Z). Seiberg and Witten stated a pair of equations on a pair (A, ip) where A is 
a connection on L and <p is a section of E + . The collection of all solutions of Seiberg- 
Witten equations forms a compact topological space and Seiberg- Witten invariants 
are defined as intersection numbers on the solution space. In 1994, Witten in 
[21) conjectured that every Kahler surface X with a nontrivial holomorphic 2-form 
9 G H°(Kx) is of simple type and that for any Kahler surface X of simple type, 

(1) the basic classes K\, ■ ■ ■ , Ki of Kronheimer and Mrowka satisfy 

Kf(Ki-k x ) = Vi where k x = ci(TJ) 

(2) the Seiberg- Witten invariants SW{i) are zero if 7 • (7 — kx) 7^ 0; 

(3) the rational numbers on in the structure theorem of Kronheimer and Mrowka 
are the Seiberg- Witten invariants SW(Kj) upto a constant which depends 
only on bi(X),b^(X). 

Furthermore, Witten showed by physical means that the calculation of Seiberg- 
Witten invariants may be localized to a neighborhood of a canonical divisor when 
p g (X) > 0. (See m P-12], El P-54]) 

When X is a Kahler surface with b\(X) = 0, it was observed by Witten ( |21[ 
p. 18]) that the solution space of Seiberg- Witten equations with fixed 7 = c\(L) G 
H 2 (X, Z) is a projective space ¥H°(X, L) and a theorem of Friedman and Morgan 
[6] Theorem 3.1] shows that the Seiberg- Witten invariants in this case are the 
integrals of cohomology classes multiplied by the Euler class of a certain vector 
bundle. Hence in the special case of b\(X) = 0, we have an algebro-geometric 
theory of Seiberg- Witten invariants. Using this, T. Mochizuki in li-> proved a 
formula that expresses the Donaldson invariants in terms of the Seiberg- Witten 
invariants of surfaces with b\(X) — 0. Subsequently in [7], Gottsche, Nakajima and 
Yoshioka proved that Mochizuki's formula implies Witten's conjecture for algebraic 
surfaces with b\ (X) = 0. However this beautiful story could not be generalized to 
the case where b%(X) > because we still lack in an algebro-geometric definition 
of Seiberg- Witten invariants. Moreover, the proofs of Mochizuki and Gottsche- 
Nakajima- Yoshioka do not seem to explain the localization behavior of Seiberg- 
Witten invariants to a canonical divisor. 

In 2007, Diirr, Kabanov and Okonek proved in [5] that if X is a smooth projective 
surface and 7 G H2(X,Z), the Hilbert scheme Hilb x of divisors D on X whose 
homology classes are 7 admits a perfect obstruction theory and thus we obtain a 
virtual fundamental class [Hilb x ] v " by [17l[2]. By integrating cohomology classes 
over [Hilb x ] vlT 7 they defined new invariants of X called the Poincare invariants and 
conjectured that the Poincare invariants coincide with the Seiberg- Witten invariants 
for algebraic surfaces. See §3 for more details. Our main result in this paper is that 
the following conjecture of Diirr, Kabanov and Okonek in [S] is true. 

Theorem 1.1. The Poincare invariants are the Seiberg- Witten invariants for all 
smooth projective surfaces. 

This theorem gives us a completely algebro-geometric definition of Seiberg- 
Witten invariants for all smooth projective surfaces and can be thought of as a 
natural generalization of [6l Theorem 3.1]. Since Hilb x parameterizes embedded 
curves, the Poincare invariants may be viewed as "algebro-geometric Gromov in- 
variants" and Theorem 11.11 may be considered as an algebraic version of Taubes's 
Theorem ([2D]). 
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The authors of [5] proved deformation invariance, blow-up formula and wall 
crossing formulas for the Poincare invariants and reduced the proof of Theorem ll.il 
to the following (0 p.286]). 

Theorem 1.2. Let X be a minimal surface of general type. If p g (X) > 0, 

deg[Hilb k x x } vir = (-1)X(°*) 

where kx is the homology class of a canonical divisor. 

The main technique for our proof of Theorem 11.11 and Theorem 11.21 is the cosec- 
tion localization principle ([H]) which tells us that if there is a cosection 

a : Ob M — > O m 

of the obstruction sheaf ObM — h 1 (E v ) of a perfect obstruction theory <f> : E — > Lm 
over a Deligne-Mumford stack M, then the virtual fundamental class of (M, <j>) 
localizes to the zero locus of a. Suppose p g (X) > and let 6 £ H°(X,Kx) be 
a nonzero holomorphic 2-form on X whose vanishing locus is denoted by Z. For 
D £ Hittfyr, the obstruction space at D with respect to the perfect obstruction 
theory in [5] is ^(Od^D))- From the short exact sequence 

— > Ox — > Ojc(I>) — > O d (I>) — > 

we obtain a connecting homomorphism H^iOoiD)) — > H 2 (Ox)- Upon composing 
with the multiplication by 0, we obtain a homomorphism 

0&mi6£,.D = H\O d {D)) — > H 2 {Ox)^H 2 {O x (Z)) = H 2 (K X ) = C. 
Obviously this construction can be lifted to a cosection 

c = O^/bi = R^OvCD) — > O m;fcI - 

where 

PC ► iJj/bl x X 



is the universal family of divisors on X. The vanishing locus of the cosection a 
is precisely the locus of D £ Hilb x satisfying < D < Z. Therefore the virtual 
fundamental class is localized to the locus of effective divisors contained in Z and 
the calculation of the Poincare invariants takes place within the canonical divisor Z, 
exactly as Witten told us about localization of Seiberg-Witten invariants mentioned 
above. 

When 7 = kx , we will see that the vanishing locus of a consists of exactly one 
reduced point Z. Hence the virtual cycle of Hilb k x is localized to a neighborhood 
of the point Z. By using the results of Green and Lazarsfeld ([El El) on deforming 
cohomology groups of line bundles, we will find local defining equations near canon- 
ical divisors and show that there is a canonical divisor Z which is a smooth point of 
Hilb k x such that 6imTzHilb k x has the same parity as \(Ox)- By [TTJ Example 
2.9], this implies that the (localized) virtual cycle of Hilb k x is {—1) X ^° X \Z] whose 
degree is precisely (-l)^° x \ This proves Theorem 11.21 

By Theorem ll.il Mochizuki's formula in [18, Chapter 7] expresses the Donaldson 
invariants in terms of the Seiberg-Witten invariants. Therefore one may be able to 
generalize the arguments of [7] to answer the following interesting question. 
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Question 1.3. Does Mochizuki's formula imply Witten's conjecture for all smooth 
projective surfaces X with p g (X) > 0? 

We hope to get back to this question in the future. 
Acknowledgement. We are grateful to Jun Li for many useful discussions. 

2. Localization of virtual cycles by cosections 

In this section we collect necessary materials on the cosection localization prin- 
ciple from [llj . 

Definition 2.1. Let M be a Deligne-Mumford stack over C. Let Lj^f denote the 
cotangent complex of M . A perfect obstruction theory on M is a morphism (f> : 
E —> Ljvf in the derived category D b (M) of bounded complex of coherent sheaves on 
M such that 

(1) E is locally isomorphic to a two-term complex of locally free sheaves con- 
centrated at [—1,0]; 

(2) h~ 1 (4>) is surjective and h°(4>) is an isomorphism. 

The obstruction sheaf of (M, 4>) is defined as Obu = h l (E y ) where E v denotes the 
dual of E. A cosection of the obstruction sheaf Obu is a homomorphism Obu ~ > 

o M . 

By the construction in [2j [17] , a perfect obstruction theory <f> on M gives rise to a 
virtual fundamental class [Af] vlr and many well-known invariants (such as Gromov- 
Witten and Donaldson- Thomas invariants) are defined as intersection numbers on 
the virtual fundamental classes of suitable moduli spaces. The cosection localization 
principle of |llj is a powerful technique of calculating these virtual intersection 
numbers. 

Theorem 2.2. (11, Theorem 1.1] ) Suppose th ere is a surjective cosection a : 
ObM\u ~ > Ojj over an open U C M. Let M{&) = M — U. Then the virtual 
fundamental class localizes to M(a) in the sense that there exists a localized virtual 
fundamental class 

[M]£eA„(M(<7)) 

which enjoys the usual properties of the virtual fundamental classes and such that 
i*[M]J£. = [M] vir e A*(M) where i : M(a) M. 

See [HI [12l [13] for direct applications of Theorem 12.21 to Gromov-Witten in- 
variants of surfaces. From the construction of [M]JJj[ in pT], the following excision 
property follows immediately. 

Proposition 2.3. Let W be an open neighborhood of M(o~) in M. Then we have 

[W\t c = [M)™eA*{M{o-)). 

The following special case will be useful. 

Example 2.4. Example 2.9],) Let M be an n-dimensional smooth scheme and 
E be a vector bundle of rank n on M . The zero map : Tjvf — > E is a perfect 
obstruction theory with obstruction sheaf E. Let a : E — > Om be a cosection whose 
vanishing locus cr _1 (0) is a simple point p in AT. Then [M]^ = (— l) n [p]. 
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3. POINCARE INVARIANTS 

In this section, we recall the definition of Poincare invariants from [5] as virtual 
intersection numbers on the Hilbert scheme Hilb x of divisors on a smooth projec- 
tive surface X with p g (X) > 0. For any nonzero 9 £ H°(X, Kx), we construct 
a cosection ag : Ob Hi [ b -^ — > Hab i x of the obstruction sheaf and show that the 
vanishing locus of a is the locus of divisors D contained in the zero locus Z of 9. 

3.1. Perfect obstruction theory on Hilbert scheme. In this subsection, we 
recall the perfect obstruction theory on the Hilbert scheme Hilb x of divisors on X 
and the Poincare invariants from [5J . 

By combining Theorem 1.7 and Theorem 1.11 of [5j, we obtain the following. 

Theorem 3.1. Let X — s> S be aflat quasi-projective morphism of relative dimension 
2 and 7 £ Hi{X , Z). Let Hilbl^.g be (the open subscheme of) the relative Hilbert 
scheme parameterizing Cartier divisors D of fibers of X — > S with [D] = 76 
H 2 {X 1 Z). Let 

► Hilb1, a x s X >X 



Hilb 1 x/S ► S 

be the universal family. Then we have a relative perfect obstruction theory 

for the morphism HUb^^g —> S . 

When S = Spec C and 1 : V Hilb x x X is a Cartier divisor (e.g. when X is 
smooth), we have a perfect obstruction theory on Hilb x whose obstruction sheaf 
is 

Ob mlb - k = R'nMV) 

and by [2 [17] we obtain a virtual fundamental class [Hilb x } vlr if X is projective. 
We will see below if there is a nonzero section 9 £ H°(Kx) for smooth X, there is 
a cosection 

ae : Ob mtt p x — > O mu p x 

which enables us to define the localized virtual fundamental class [Hilb x ]™ c sup- 
ported on the zero locus Z of 9. 

Let X be a smooth projective surface. Then it is easy to find that the virtual 
dimension of Hilb x is precisely 7 • (7 — kx) where kx = c\{Kx)- The Poincare 
invariants for X are now defined as intersection numbers on [Hilb x ] vu but the 
precise definition is not necessary in this paper. See [SJ §0] for the precise definition. 

It was conjectured in [S] that the Poincare invariants for X coincide with the 
Seiberg-Witten invariants. Furthermore, the authors of [SJ p. 286] proved that the 
conjecture follows if 

deg[Hilb h x x ] vil = (-l)x(Ox) 
for minimal surfaces of general type with p g > (Theorem II. 2p . 
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3.2. Cosection of the obstruction sheaf. Suppose p g (X) > and fix a nonzero 
holomorphic 2-form 9 € H°(X, K x ) on X whose vanishing locus is denoted by Z. 
For D G HilbX-, the obstruction space at D with respect to the perfect obstruction 
theory in [5] is iJ 1 (C_D(D)). From the short exact sequence 

— > Ox — > OxP) — > OzjP) — > 
we obtain a connecting homomorphism H l (Or>{D)) —> H 2 (Ox)- Upon composing 
with the multiplication by 6, we obtain a homomorphism 
(3.1) 



o-fl : OW v ,d = H\O d {D)) — > ff 2 (0 x )^ff 2 (0 x (^)) = H 2 (X, 



This construction can be lifted to a cosection er : Ob Hab i — > HUb i as follows. 
Let 

► ffiZfc^ x X 



Hilb\ 

be the universal family and let 

(3.2) — > 0^, xX — > ffi;h , xX (X>) — > D (P) — > 

be the obvious short exact sequence. Recall from [5j §1] that our perfect obstruction 
theory of Hilb x is 

4>: {Rir*Gv(V)Y L ffi;b , 

and thus the obstruction sheaf of (Hilb x , <f>) is 

Ob Hilbl = R^OviV). 

From p.2p . we obtain a homomorphism 

R ■k*Ot>{V ) — ► R 2 ir*0 HU bj c xx 

and by composing it with the multiplication by the pullback p* x 9 of via the 
projection px '■ Hilb x x X — > X we obtain the cosection 

(3.3) a e : 06 ffiib j = R^O^V) — > flVOn^XxX^^W^i^ - O ffii6l 

Lemma 3.2. T7ie vanishing locus of the cosection o~g is precisely the locus of D G 
Hilb x satisfying < D < Z . 

Proof. Let s e H°(Ox(D)) be a nonzero section whose vanishing locus is IX We 
have to show that (|3.1j) vanishes if and only if D < Z. From the short exact 
sequence 

— > O x — > X (£>) — > Od{D) — > 0, 
(|3.1| vanishes if and only if the second homomorphism in (|3.ip factors as 

: ff 2 (O x ) ^H 2 (Ox(,D)) — > # 2 (0x(Z)) = # 2 (^a) 

By taking the duals, we find that this is equivalent to saying that 9 : H°(Ox) —> 
H°(Kx) factors as 

9 : H°(O x ) — > ^°(^a- - D)^H°(K X ). 

Let s' be the image of the first homomorphism and D 1 be the zero locus of s'. Then 
we have 9 — ss' and Z = D + D' with D' > 0. This certainly implies that (|3.1[) 
vanishes if and only if < D < Z. □ 
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By the cosection localization principle in |TT] (see 32]), we obtain the following. 

Proposition 3.3. Let Hilb x (Z) be the locus of D £ Hilb x with < D < Z and 
let i : Hilb x (Z) c — > Hilb x denote the inclusion morphism. There exists a local- 
ized virtual fundamental class [Hilb x ]™ c £ A*(Hilb x (Z)) such that i*[Hilb x ]J" c £ 
A*(Hilb x ) is the ordinary virtual fundamental class [Hilb x ] vn ' in ^3.1\ Further- 
more, if W is an open neighborhood of Z in Hilb x , we have [W]JJ£ = [Hilbx]^. 

Therefore the calculation of the Poincare invariants takes place near a canonical 
divisor Z . This is consistent with Witten's claim about localization of Seiberg- 
Witten invariants to a canonical divisor (|211 |4"]). 

Suppose 7 = kx '■= ci(Kx) £ H 2 (X,%). Then it is obvious that Hilb x (Z) = 
{Z} as a set. Moreover, the virtual dimension 7 • (7 — kx) of Hilb x is 0. 

Corollary 3.4. When 7 = kx, the localized virtual fundamental class [Hilb x \(" c 
of Hilb x is supported at a single point {Z} and the Poincare invariant of Hilb k x 
is the degree of [Hilb x ]™ c . 

3.3. Another construction of the cosection. There is another way to define 
the cosection 



cr = cr g : Ob Hilbl — > O 



Hilbl 



Let 8 £ H°(X, Kx) be a nonzero section and D £ Hilb x be a divisor with 
ci(Ox(D)) = 7- Since D is a local complete intersection with normal bundle 
Od(D), D is a Cohen-Macaulay scheme ([TU1 II, Proposition 8.23]) and the adjunc- 
tion formula tells us that the dualizing sheaf of D is given by 

(3.4) u D =K x ®0 D {D). 
Multiplication by 9 gives us a map 

a\ D : H^OoiD^^H^Kx ® O d (D)) = H\w D ) = H (O D ) v 

from the obstruction space H 1 {Od{D)) at D £ Hilb x . As in ^3721 this construction 
can be lifted to the whole space as 

(3.5) a : R}-k*O v {V) — > R^Kx <8 O v {V)) = R^uJv/mibl) ~ 

Lemma 3.5. Suppose H 1 (K X {D)) = for all D £ Hilb x and 7^0. Then 
tt*Ot> — Hi up and (|3.5[) gives us a cosection which coincides with 



Proof. From the short exact sequence, 

> C > Hilb] c xx(-'D) > ^HiW x xX ► O-D > 0, 

we have an exact sequence 

— > n*G Hm -v xX x(-'E > ) — > 7T *0 H ubj,xx — > tt*Ot> 

— > R 1 ^O miblxX (-'D) = (i?V,(^®^ x xxP))) V . 

Since any D £ Hilb x is effective and nonzero, 'K*OHUb' y x xx(^T^) = and i? 2 7r* (Kx& 
Omibl xxiV)) = by Serre duality. By assumption, R 1 ir*K x ® Hab v. xX (D ) = 
and we thus have the isomorphisms ir*Ox> — ^*0 HUb -i xX — Hab i . 
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Next, consider the commutative diagram of exact sequences 

\O x >O x (D) >Od(D) >0 



> K x > K X (D) ► uj d > 

where the vertical arrows are all multiplication by 9. Here we used (|3.4p . By taking 
cohomology, we obtain a commutative diagram of exact sequences 



H\O d (D))^H\O x ) 



H 1 (K X (D)) ► H\uj d ) ► H 2 (K X ) > H 2 (K x (Dj). 

Since D is effective and nonzero, H 2 {K X {D)) =■ H°(O x (-D)Y = 0. Hence the 
middle bottom arrow is surjective which is also injective because H 1 (K X (D)) = 0. 
The right vertical composed with the top horizontal is (13.31) and the left vertical 
is (|3.5p . It is obvious that this comparison lifts to the whole family T> C Hilb x x 
X. □ 

Remark 3.6. Let X be a smooth projective surface which is minimal of general 
type. By [TJ VII, §2], K x is big and nef. Since nefness and bigness are obviously 
preserved by numerical equivalence, O x (D) is big and nef for any D e mib K £ . By 
[151 I, Theorem 4.3.1], we have the vanishing 

H i (X,K x (D))=0, i = l,2 

for any D G Hilb^ . 

By Lemma 13.51 and Remark 13.61 we obtain 

Corollary 3.7. Let X be a smooth projective surface which is minimal and of 
general type. The two definitions of cosections by (|3.3p and (|3.5p coincide for 
Hilb 1 ^ ifX is a minimal surface of general type. 

The scheme structure of the zero (or degeneracy) locus of a is actually reduced. 

Lemma 3.8. Let X be a smooth projective surface which is minimal and of general 
type. The zero locus of the cosection a is the simple point Z = zcro(#). 

Proof. By Lemma l3~2"l we only need to show that zero(a) is the reduced point {Z}. 
The dual of (|3.5p is obtained by multiplication 

by 9. Hence for any scheme T, a morphism T — > Hilb k x factors through zero(cr) if 
and only if we have a flat family of divisors T>t — > T that fits into a diagram 

X> T < > Z x T c > X x T 
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But since D 6 HUb^ and Z have the same Hilbert polynomial, T>t = Z x T and 
hence the morphism T — > zero(er) factors through the reduced point {Z}. This 
proves that zero(er) is indeed the reduced point {Z}. □ 

4. A proof of Theorem 11.11 

In this section we will prove Theorem II .21 and thus complete a proof of Theorem 
11.11 Let X be a minimal projective surface of general type with p g > 0. We 
will find local defining equations of Hilb k ^ near canonical divisors and show that 
there is a canonical divisor Z representing a smooth point of the Hilbert scheme 
whose dimension at Z has the same parity as x(Oa)- Then Theorem 1 1.2 1 will follow 
directly from Example 12.41 

Let M — Hilb k x denote the Hilbert scheme of divisors D with C\(Ox{D)) = 
k x = Cx{Kx) G H 2 (X,1). Let P = Pic kx (X) (resp. P° = Pic°{X)) denote the 
Picard variety of line bundles L on X with C\(L) = kx (resp. c\{L) — 0). Since a 
Cartier divisor defines a line bundle, we have a natural morphism 

t : M -> P 

whose fiber over an L £ P is the complete linear system PH°(X, L). It is easy to see 
that M is the fine moduli space of pairs (L, s) where L £ P and s £ H°(X, L) — {0} 
where two such pairs (L, s) and (L 1 ', s') are isomorphic if there is an isomorphism 
L V that sends s to s' , 

Let 0i, 02, • • • ,<f> q be a basis of H 1 (X, O x ) and let T be a ball in ^(Ox) = 
C q = {(ti, • • • , t q )}. Consider the isomorphism P° — s> P defined by L i-> L^ 1 (g) i^x 
and the exponential map H 1 (Ox) P° that sends to the trivial line bundle Ox- 
Pulling back the universal family over P x X by the composition H 1 (Ox ) — > P° — > 
P, we obtain a family C — > T x X of line bundles such that £|oxJf — -^a- Let tt, 
p denote the projections from T x X to T and X respectively. 

Let D* denote the complex 

(4.1) — -> i?°(Ox) ® Ot ff 1 ^) ® £>t — >■ ff 2 (OA) ® o T — > o 
where the differentials are A n- A A ^ k tk<t>k- The following is a special case of [9j 
Theorem 3.2] for the dual FPir^C- 1 ® p*isT x ) of 7r*£. 

Lemma 4.1. Under the above assumptions, we have isomorphisms 

(R^iC- 1 ® p*K x ))o = n l (D') 
where the subscript means stalk at zero. 

In fact, the proof of [SJ Theorem 3.2] shows the complex (|4.ip and the derived 
object i?'7T H ,(£~ 1 ® p*Kx) are quasi-isomorphic over the stalk at 0. 

As a corollary of Theorem 3.2], Green and Lazarsfeld also show that all higher 
obstructions to deforming a cohomology class vanish automatically along straight 
lines ([9l Corollary 3.3]). Hence the first order obstructions define the tangent cone 
of M at a canonical divisor. 

Let p = p g = dimH°(Kx) — dimH 2 (Ox) > 0. Let us choose a basis of 
H 2 {O x ) = CP and write 

<f>j A cj>k = y^^ajjkipt 

i 

with aijk = —cLikj G C. Then the complex (|4.ip is 

(4.2) O^Oi^O^Ao^O 



10 



HUAI-LIANG CHANG AND YOUNG-HOON KIEM 



where Aq is the transpose (ti, • • • , t n ) and 

Ai = (^ a-ijktk)i<i< P: i<j<q- 

k 

Upon dualizing, we find that the stalk of 7r*£ at is given by the zeroth cohomology 
of the complex 

(4.3) — > o p T o« £>t — > o 

where A and are the transpose matrices of Aq and respectively. 

Obviously, a section s € H°{L) can be thought of as a closed subscheme of the 
total space of the line bundle L over X. Let W -> P x I be the universal line 
bundle and consider its composition U — > P x X — s> P with the projection to P. By 
the relative Hilbert scheme construction for U — » P, we have the moduli scheme M 
of pairs (L S P, s € H°(L)). Multiplication on s gives us a free action of C* so that 

M = M — P/C* 

where P is identified with the locus {(L e P, £ H°(L))} of zero sections. 

Fix a basis tpi,--- ,ip p ior H° (Kx ) and let z\ , • • ■ , z p be coordinates of PT° (Kx ) = 
C p = {(zi, • • ■ ,z p )}. By P~3"]) , M in an analytic neighborhood of H°(K X ) = 
{(K x ,s€H°(K x ))} is 

(4.4) _ 

T = {( Zl , ■ • • , z p M, ■ ■ ■ ,t q ) | z ^Jktk = for 1 < j < q} C C p x T C C p x C q . 

i,k 

Let 

be given by the projection to the z-coordinates. By (|4.4p . for a fixed nonzero 
z = (zi, • • • , z p ) e C p , the fiber over z is 

£ _1 (z) = kerP C C 9 where Bjk = Zidijk- 

i 

Since — —a^j, we find that the q x q matrix B is skew-symmetric. Therefore 
the rank of B is even and hence dim£ (2) < q has the same parity as q. 

By upper semi-continuity, there is an open subset V of C p — {0} such that, for 
arbitrary z £ V, dim£ (2) is minimal possible and £,~ 1 (V) is an open subscheme 
of a vector bundle over V whose rank has the same parity as q. In particular, M 
is smooth near V. Finally we choose a point Z in (C p x 0) n ^(V). Then Z 
gives us a canonical divisor in X whose corresponding point in M is smooth (after 
taking quotient by the free C* action). The dimension of M at Z has the parity of 
p + q — 1 which equals the parity of xiPx) = P ~ Q + 1- ln summary we proved the 
following. 

Proposition 4.2. Let X be a smooth minimal projective surface of general type 
with p g > 0. Then there is a canonical divisor Z in X which represents a smooth 
point in the Hilbert scheme Hilb 1 ^ . Furthermore, the dimension of Hilb^ at Z 
has the same parity as x{®x)- 

By the cosection localization in S}3j the virtual cycle of Hilb 1 ^ is localized to 
any open neighborhood of Z . Since Z is a smooth point, we can excise the singular 
part of Hilbx* and may assume that Hilb 1 ^ is a smooth variety whose dimension 
has the same parity as xiPx)- Since the virtual dimension is zero, the obstruction 
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sheaf is a locally free sheaf E whose rank equals the dimension of Hilb k ^ . Since 
M = Hilb k x is smooth, : Tm — > E is a perfect obstruction theory. Now Theorem 
11.21 follows immediately from Example 12.41 and Lemma 13.81 This completes our 
proof of Theorem 11.11 
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